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Optimization under uncertainty



I Two-stage stochastic problems

o First-stage decisions z (before the uncertainty is revealed)
e Second-stage decisions y (a posteriori recourse actions)

mincTx + E |[Q(z, &)]
Az =0
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I Example: LandS (1988)

cr: $10/un ‘ ' ’ 0
24

4

ﬂ i 35;7un  Problem: To decide the
e $7/un Q)‘“’ 5 installed capacity given an

ﬂ dz: 3 un uncertain future demand
32

cs: $16/un ‘ ' ’ 19.2
/ 3.2 ﬂ ds: 2 un

55

cs: $6/un d) —

4.5

33

m;%{ZCZxZ_I_]E szzm Zcz:cng}

Budget b : $120 i€l i€l i€l
Min. Capac m : 12 Q(z,§) := m>i£1 ZZfz’jyz’j
dr: 3 (30%), 5 (40%), 7 (30%) Y=Y el jel
S.t Zyijgzcz-, Viel
JEJ
Zyw > ol£ Vijeld
1€l

E. Moreno, https://emoreno.uai.cl



I Which one is better?
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di: 3 un di: 5un dr: 7 un
$293 $378.7 $469.3

e ® O O
Q0,01
o) O O

2
Scenl: $293 $294 .4 $297.8
Scen2: $395 $378.7 $381.3
Scen3: $501 $480.7 $469.3

$396 $384 $383
Expected cost

min Y cxit+ Y p°Y fiivi

i€l s=1,2,3 j€J

Zcz-a:z- S b

i€l

Sazm

i€l

nyj <z;, VielVs=1,23
JEJ

nyj >d;, Vjel,Vs=1,2,3
i€l

E. Moreno, https://emoreno.uai.cl
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I Two-stage stochastic models

e First-stage decisions x (before the uncertainty is revealed)
e Second-stage decisions y (a posteriori recourse actions)

minc'x > >
min + p°Q(x,&°)
SES
where  ()(z, €7) := ming"y
Tz +W?%y =h”
y > 0

e Assumption: Fixed recourse (only 7% and hs are random, i.e.

fixed W and ¢ for all scenarios)

E. Moreno, https://emoreno.uai.cl
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I Decomposition methods

e Problem has a very particular structure of the problem

| |
A x b
T1 1114 y! N
T2 11,14 y? h2
Tn W yn hn

|| ||

e Decomposition algorithms exploit this structure by solving
subproblems independently and changing the first stage
problem

E. Moreno, https://emoreno.uai.cl
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I Benders Decomposition (aka L-shape)

e Benders idea: To approximate the second stage by cuts

min CTCE—I-E p°0°
reX
seS

Q(x, &%) < 0° Vse S

E. Moreno, https://emoreno.uai.cl



3% UNIVERSIDAD ADOLFO IBANEZ

I Benders Decomposition (aka L-shape)

e Benders idea: To approximate the second stage by cuts

min CTx—I-E p°0°
reX
seS

Q(x, &%) < 0° Vse S

e Using the dual subproblems, we can construct cuts

S . — . T
Qx, &%) : min Ty

T°x+ Wy = h*

E. Moreno, https://emoreno.uai.cl
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I Benders Decomposition (aka L-shape)

e Benders idea: To approximate the second stage by cuts

min CT$—|-E p°0°
reX
seS

Q(x, &%) < 0° Vse S
e Using the dual subproblems, we can construct cuts
Q(z,8°) :=mingTy

__ S, \T\S
y>0 “ Qx,87) = max (7 —T72)TA

T°x 4+ Wy = h® WTA <q

E. Moreno, https://emoreno.uai.cl
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I Benders Decomposition (aka L-shape)

e Benders idea: To approximate the second stage by cuts
min c'x + Zpsﬁs

reX
seS

Q(x, &%) < 0° Vse S
e Using the dual subproblems, we can construct cuts
Q(,£%) := mingTy

__ S, \T\S
>0 “ Qx,87) = max (7 —T72)TA

T°x 4+ Wy = h® WTA <q

obtaining

min CTSC—I—E p°0°
reX
seS

{ max (h® — TS:IJ)T)\S} < 6° Vse S

ASCRP W TAs<q

E. Moreno, https://emoreno.uai.cl



I Benders Decomposition (aka L-shape)

e Benders idea: To approximate the second stage by cuts
min c'x + Zpsﬁs

reX
seS

Q(x, &%) < 0° Vse S
e Using the dual subproblems, we can construct cuts
Q(z,8°) :=mingTy

__ S, \T\S
>0 “ Qx,87) = max (7 —T72)TA

Tz + Wy = h° WTXN <gq

obtainin ' T 505
g :ICIéIQI(l C :B—l—gsp
S

(h* —T%z)TA* < 0° VA eXP(A),VseS
where XP(A) are the extreme points of A = {1 : WA < ¢}

E. Moreno, https://emoreno.uai.cl
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I Benders Decomposition (aka L-shape)

e Problem has a very particular structure of the problem

p ! . \ V b \
T! W y! hl
T2 W Y2 h?
Tn W yn hn

| |

e Decompose by fixing x and adding cuts

E. Moreno, https://emoreno.uai.cl
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I Benders Decomposition (aka L-shape)

e Problem has a very particular structure of the problem

|| || :
A T b f|X x( t )
|| W " B
T2 W 2 B2
Tn W yn hn
| |

e Decompose by fixing x and adding cuts

E. Moreno, https://emoreno.uai.cl
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I Benders Decomposition (aka L-shape)

e Problem has a very particular structure of the problem

= fix x(t)
T || W " hi
T2 W 2 h?
Tn W yn hn
|| ||

e Decompose by fixing x and adding cuts

E. Moreno, https://emoreno.uai.cl



I Benders Decomposition (aka L-shape)
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e Problem has a very particular structure of the problem

T! W

17 14

|

yn

1

|

h1

h?

hn

1

& fix x(t)
—p mingTy': Wyt = ht — Ttz
g minqTy? : Wy? = bt — T2z
—F mingTy" : Wy" = ht — Tz

e Decompose by fixing x and adding cuts

E. Moreno, https://emoreno.uai.cl



I Benders Decomposition (aka L-shape)

e Benders idea: To approximate the second stage by cuts

min CT$"‘§ p°0°
reX
seS

Optimality cuts: (h*—T%z)TA* <60° VX € XP(A), VseS
Feasibility cuts: (h*—T%2)TA* <0 VY A € XR(A), VseS




I Benders Decomposition (aka L-shape)

e Benders idea: To approximate the second stage by cuts

min ch+§ p°0°
reX
seS

Optimality cuts: (h*—T%z)TA* <60° VX € XP(A), VseS
Feasibility cuts: (h*—T%2)TA* <0 VY A € XR(A), VseS

e Two approaches for optimality cuts:

e Multi-cut Benders: one cut for each scenario

e Single-cut Benders: one cut aggregating all scenarios




I Benders Decomposition (aka L-shape)

e Benders idea: To approximate the second stage by cuts

min ch+§ p°0°
reX
seS

Optimality cuts: (h*—T%z)TA* <60° VX € XP(A), VseS
Feasibility cuts: (h*—T%2)TA* <0 VY A € XR(A), VseS

e Two approaches for optimality cuts:
e Multi-cut Benders: one cut for each scenario

e Single-cut Benders: one cut aggregating all scenarios »>_r'
2 ggregating
€S

A A

Y (W =T*z)TA* <O (A',...,)%) € XP(A)®

VAN
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I Benders Decomposition (aka L-shape)

Advantages:

e Small Master problem (omit recourse variables)

e Proved convergence to the optimal solution

o Particularly useful if subproblems can be solved analytically

But, if there are too many scenarios &

e We need to solve | & | subproblems at each iteration

e Master problem can became large again (one additional cut per
scenario at each step)

e We can use Single-cut Benders, but convergence can be very slow.

E. Moreno, https://emoreno.uai.cl



I Our idea

o Can we aggregate the scenarios in order to have a smaller
problem, and iteratively disaggregate them to obtain the

exact™ optimal solution?

o Background: Adaptive Parition Method

(Espinoza & M. 2014, Song & Luedtke 2015, van Ackooij, de
Oliveira & Song 2018, Pay & Song 2020, M. & Ramirez-Pico 2022,

Forcier & Leclere 2022)

E. Moreno, https://emoreno.uai.cl
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I Aggregating all scenarios

Fixing first-stage, we solve each problem independently
min c'x + Zpsﬁs Q(z,£°) = max (h® —T°x)T\°

reX ASERP

WTA* <gq

seS

(WS =T%z)TA\* < 6°

E. Moreno, https://emoreno.uai.cl
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I Aggregating all scenarios

Fixing first-stage, we solve each problem independently
min cTx + Zpsé’s Q(x, &%) = max (h® —T7°x)T\®

reX ASERP

WTA* <gq

seS

(WS =T%z)TA\* < 6°

|dea: to force dual solutions to be the same for all scenarios

SRS —T32)TA
max ggp ( z)

WTA<gq

E. Moreno, https://emoreno.uai.cl
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I Aggregating all scenarios

Fixing first-stage, we solve each problem independently
min cTx + Zpsé’s Q(x, &%) = max (h® —T7°x)T\®

reX ASERP

WTA* <gq

seS

(WS =T%z)TA\* < 6°

ldea: to force dual solutions to be the same for all scenarios
max Zps(hS —T%x)TA max (B — T:IB)T)\
SES

AERP AERP
' WTA<gq

WTA<gq

E. Moreno, https://emoreno.uai.cl
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I Aggregating all scenarios

Fixing first-stage, we solve each problem independently
min cTx + Zpsé’s Q(x, &%) = max (h® —T7°x)T\®

reX ASERP

WTA* <gq

seS

(WS =T%z)TA\* < 6°

ldea: to force dual solutions to be the same for all scenarios
max Zps(hS —T%x)TA max (B — T:IB)T)\
SES

AERP AERP
' WTA<gq

no need to solve all

WTA<gq

scenariosl!

E. Moreno, https://emoreno.uai.cl
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I Aggregating all scenarios

Fixing first-stage, we solve each problem independently
min cTz + Zpsé’s Q(x, &%) = max (h® —T7°x)T\®

reX ASERP

WTA* <gq

seS

(WS =T%z)TA\* < 6°

ldea: to force dual solutions to be the same for all scenarios
max Zps(hS —T%x)TA max (B — T:IB)T)\
SES

AERP AERP
' WTA<gq

no need to solve all

and we add one Bender cut using these duals scenarios!

Zps(hs —TPz)TA < ZpSHS

seS seS

WTA<gq

E. Moreno, https://emoreno.uai.cl
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I Partially aggregating scenarios

Let & a partition of the scenarios. For each subset of

scenarios P € & we can force equality among them

1
s s, \T\FP P P _NT\P
= 2 P T _> max (b7 —T7x)TA
WTAP < g WTA" <q

where h' and T' are the “weighted average” coefficients for
scenarios in P

E. Moreno, https://emoreno.uai.cl



oA I — I

5% UNIVERSIDAD ADOLFO IBANEZ

I Partially aggregating scenarios

Let & a partition of the scenarios. For each subset of

scenarios P € & we can force equality among them
1

max ps(hS — T2)TAY
AER? D e p Ds Sezl:a *

max (b — TFx)TA"
AERP

where h' and T' are the “weighted average” coefficients for
scenarios in P

And, we add a Bender cut for each subset

pP(hY = TP 2)TAP < Zpsﬁs VP eP

sc P

E. Moreno, https://emoreno.uai.cl
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I Partially aggregating scenarios

Let & a partition of the scenarios. For each subset of

scenarios P € & we can force equality among them
1

max ps(hS — T2)TAY
AER? D e p Ds Sezl:a *

max (b — TFx)TA"
AERP

where h' and T' are the “weighted average” coefficients for
scenarios in P

And, we add a Bender cut for each subset
Solving | & | subproblems,

P/ P P \ P S
p (h — 1 x)T)‘ Szpse vP P and adding | & |cuts to

seP the master problem

E. Moreno, https://emoreno.uai.cl



I Theoretical background : Valid cuts

Proposition:

pt - (WY —=TPz)TAP < ZpSHS AP e XP(A)
seP
is a valid constraint for the Benders problem for any P

Proof: let \* be optimal dual solutions for each subproblem
Zps (b = T%z)TA® > Zps (h* = T3z)TAT

scP scP

(£)- (7))

_ pP . (hP . TPLU)TS\P

: A A
TN P (WP —TP2)TRP < 37 po(h* — To2)TAe < 3 o0

sec P seP

E. Moreno, https://emoreno.uai.cl



I How to aggregate scenarios?’

What are we doing?

mincTz + E [Q(x,£))] = mincTx + Z L Q(x, €)|P| - P(P)

reX reEX

PepP
7’ .
LmincTz+ " Oz, E[¢]P)) - P(P)
PeP

(= by Jensen's Inequality)

(< 77)
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I How to choose the right partition &7

Proposition: let z* optimal solution of using only aggregated Benders
problem, for a partition satisfying

(Zp‘S) > (hSTXS) = (ZpShS>T <Zp85\8> for all P € P

seP seP secP seP
T
<Z p8> ' ZPS (TS:BTXS) = (Z pSTSx> (Z p35\8> for all P € P
seP seP SEP SeEP

Then 2" is an optimal solution of the original problem

E. Moreno, https://emoreno.uai.cl
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I How to choose the right partition &7

Proposition: let z* optimal solution of using only aggregated Benders
problem, for a partition satisfying

(Zp‘S) > (hSTXS) = (ZpShS>T <Zp85\8> for all P € P

seP seP secP seP
T
<Z p8> ' ZPS (TS:BTXS) = (Z pSTSx> (Z p35\8> for all P € P
seP seP SEP SeEP

(Multiplying and then taking average)
Then 2" is an optimal solution of the original problem

E. Moreno, https://emoreno.uai.cl
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I How to choose the right partition &7

Proposition: let z* optimal solution of using only aggregated Benders
problem, for a partition satisfying

(Zﬁ) > (hSTXS) = (ZpShS>T (ZpSXS> for all P € P

seP seP secP seP
T
<Z p8> ' Zps (TS$T5\S) = (Z pSTSx> (Z p85\8> for all P € P
seP seP SEP SeEP

(Multiplying and then taking average)  (Taking average and then multiplying)
Then 2" is an optimal solution of the original problem

E. Moreno, https://emoreno.uai.cl



5.—% UNIVERSIDAD ADOLFO IBANEZ

I How to choose the right partition &7

Proposition: let ™ optimal solution of using only aggregated Benders
problem, for a partition satisfying

(Zp3> > (hSTXS) = (Zp%S)T (ZpSXS> for all P € P

seP seP secP seP
T
<Z p8> ' ZPS (TSijxS) = (Z pSTS:c> (Z p35\8> for all P € P
seP seP SEP SeEP

(Multiplying and then taking average)  (Taking average and then multiplying)
Then 2" is an optimal solution of the original problem

These conditions are satistied for example when:
- All dual variables A have the same value in P
- All A3 or T5 have the same value in P

- A combination of both cases

E. Moreno, https://emoreno.uai.cl
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I New method: Benders Adaptive Partitions

1. Set # ={J&}

2. Solve MP := min cTx+ ZpSHS and get solution z(* and a lower bound

|S]
xeX ,0eR =y

3. For each P € & compute p?, h?, TP and solve Q(x(t),EF)
1. Infeasible: add feasibility cut p* - (hP — TPa:)TS\P <0

2. Feasible: add optimality cut p! - (hP — TPZE)TS\P < Zpsé’s

P
4. If a cut was added, go to Step 2. If not, 5

1. Solve Q(x(®),&) for each scenario and get an upper bound

2. Refine the partition trying to satisfy the conditions of the proposition
and go to Step 2.

E. Moreno, https://emoreno.uai.cl
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I Example: LandS (1988)

cr: $10/un < ! ’ 9
24

4

45

ﬂ di~U[3,7]
c2: $7 /un ‘ ' ’ 27
4.5

ﬂ d2: 3 un
' 32
cs. $16/un ‘ ’ 19.2
3.2 ds: 2 un

55

cy: $6/un< ' ’ 5533
Budget b : $12O lter 1 X
Min. Capac m : 12 | | |
3 zlt é els 7 di

E. Moreno, https://emoreno.uai.cl
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I Example: LandS (1988)

ston (1Y # o .
$10/ U o4 ﬂ U Q($7 ).— Iynzlg ZZfzjsz

4 1€l g€l
cz: $7/un "’45 27 S.t Zyijgxi, Viel

4.5 ﬂ d2: 3 un Jjel

32 > d's-, Viel
cs: $16/un ‘ ' ’ 19.2 Zyw - /

3.2 ﬂ ds: 2 un i€l

55
cy: $6/un< ' ’ —
Budget b: $120 lter 1 X
Min. Capac m : 12 | | |
3 zlt é els 7 d;

E. Moreno, https://emoreno.uai.cl
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I Example: LandS (1988)

cr: $10/un < ! ’ 9

24
0.83 4
45 -
c2: $7 /un "’ 27 Viel
3 4.5
32 Viel
cs: $16/un ' 19.2
4.1p *
55
cy: $6/un4< ' ’ —
Budget b: $120 Ilter 1 X
Min. Capac m : 12 | | |
3 zlt é els 7 d;

E. Moreno, https://emoreno.uai.cl



I Example: LandS (1988)

cr: $10/un < ! ’ 0
24

4 i€l j€]
45 )
cz: $7 /un < ' ’ 27 S.t Zyz’j <z, Viel
4.5 JEJ
32 N & .
cs: $16/un ‘ ' ’ 19.2 Zyzg > dj, Viel
' 3.2 1€l
: ' 55 43
Cl 6/un< ’ —
Budget b:$120 lter 1 X X X Gap: 1.1%
Min. Capac m: 12 p1=40.8 ; p1=44 ; p1=51
| | | .
| | !
3 4 5 6 7 di

Segments with same duals can be
estimated using sensitivity analysis

E. Moreno, https://emoreno.uai.cl




I Example: LandS (1988)

cr: $10/un < ! ’ 9
24

4

45

ﬂ di~U[3,7]
c2: $7 /un ‘ ' ’ 27
4.5

ﬂ d2: 3 un
' 32
cs. $16/un ‘ ’ 19.2
3.2 ds: 2 un

' > 33 : : :
C4- $6/un< ’ T Iter 2 X X X X X X Gap: 0.3%
p1=39.8: p1=43 : p1=44 : p1=51
Budget b: $120 lter 1 Gap: 1.1%
Min. Capac m : 12 §1=408 T pi=dd i1=51
| | | -
3 4 5 6 7 d;

Segments with same duals can be
estimated using sensitivity analysis

E. Moreno, https://emoreno.uai.cl
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I Example: LandS (1988)

cr: $10/un < ! ’ 9
24

4 ﬂ di~U[3,7] Iters I
' 45 u1=39.8 u1=43 pi=44 ; pi=51
c2: $7 /un ‘ ’ 27
4.5 dQZ 3 un lter 4 I Gap: 0.0007%
' 30 12398 u1=43 =51
cs:. $16/un 19.2
/ U 3.2 ds 2 un Iter 3 ' _ ' . Gap: 0.06%
- 1398« =43 =44 T =46 =51
' 33 5 5 5
Cy. $6/Un ‘ ’ x Iter 2 Gap: 0.3%
p1=39.8; p1=43 p1=44 p1=51
Budget b: $120 lter 1 Gap: 1.1%
Min. Capac m : 12 i1=408 ¢ =44 uT=51
| | | -
3 4 5 6 7 d;

In 5 iterations, we get a partition with 14 subsets
of scenario, and solution with gap < 10-5

Segments with same duals can be
estimated using sensitivity analysis

E. Moreno, https://emoreno.uai.cl



Y ]
v L %S
T

5.—% UNIVERSIDAD ADOLFO IBANEZ

I Example: LandS (1988)

cr: $10/un < ! ’ 9
24

4 ﬂ di~U[3,7] Iters I I '
' 45 u1=39.8 ; ui1=43 ; ui=44 ; ; pi=51
c2: $7 /un 27 :
O s L3un  ferd I .:- T Fp—"
' 30 =398 L1=43 T =4 =46 TT=51
. 19.2
cs3. $16/un ‘ ’
/ 3.2 dg: 2 un Iter 3 ' _ ' ' Gap: 0.06%
12398 © =43 Di=4d < pi=46 pi=51
55
' 33 : : :
Cy. $6/Un ‘ ’ x Iter 2 Gap: 0.3%
p1=39.8; p1=43 p1=44 p1=51
Budget b:$120 lter 1 Gap: 1.1%
Min. Capac m : 12 i1=408 ¢ =44 uT=51
| | | .
i i i
3 4 5 6 7 d;

In 5 iterations, we get a partition with 14 subsets
of scenario, and solution with gap < 10-5

Note: we just solve an stochastic problem .
! P Segments with same duals can be

with continuous distribution (!) by a . . o .
(1) by estimated using sensitivity analysis

series of discrete problems

E. Moreno, https://emoreno.uai.cl
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I Different version of LandS (Linderoth et al, 2006)

cr: $10/un < ! ’ 9
24

4

45

ﬂ d:~[0,0.04,..,3.96]
c2: $7 /un ‘ ' ’ 27
4.5

ﬂ d[0,0.04,..,3.96]
cs. $16/un U 19.2
32 ds~[0,0.04,..,3.96]

55
cy: $6/un< ' ’ —

Budget b : $120
Min. Capac m : 12

33

E. Moreno, https://emoreno.uai.cl
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I Different version of LandS (Linderoth et al, 2006)

cr: $10/un < ! ’ 9
24

4

45

ﬂ d:~[0,0.04,..,3.96]
c2: $7 /un ‘ ' ’ 27
4.5

ﬂ A total of 1'000'000 scenarios
d»-[0,0.04,..,3.96]
32

cs. $16/un (!) 19.2
32 ds~[0,0.04,..,3.96]

55
cy: $6/un< ' ’ —

Budget b : $120
Min. Capac m : 12

33

E. Moreno, https://emoreno.uai.cl
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I Different version of LandS (Linderoth et al, 2006)

cr: $10/un ‘ ! ’ 9
24

4

45

ﬂ d:~[0,0.04,..,3.96]
c2: $7 /un < ' ’ 27
4.5

ﬂ A total of 1'000'000 scenarios
d»-[0,0.04,..,3.96]
32

cs. $16/un Q) 19.2
32 ds~[0,0.04,..,3.96]

55

cy: $6/un< ' ’ —
True Optimal solution:

Budget b : $120 x*=(0.84, 3.40, 1.88, 5.88)
Min. Capac m : 12 Objective Value: 225.6294001

33

E. Moreno, https://emoreno.uai.cl
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I Different version of LandS (Linderoth et al, 2006)

cr: $10/un < ' ’ 9
24

4

45

ﬂ d~[0,0.04,..,3.96]
c2: $7 /un ‘ ' ’ 27
4.5

ﬂ A total of 1'000'000 scenarios
dy~[0,0.04,..,3.96]
32

cs. $16/un L') 19.2
32 d~[0,0.04,..,3.96]

55

cy: $6/un< | ’ —
True Optimal solution:

Budget b : $120 x*=(0.84, 3.40, 1.88, 5.88)
Min. Capac m : 12 Objective Value: 225.6294001

33

Required 8 iterations (refinements) of the algorithm
Finished with a partition of size 1374
- Solution validated using an exact solver (QSopt_ex, Espinoza et al, 2007)
- Jupyter notebook available at https://github.com/borelian/LandS_exact solution

E. Moreno, https://emoreno.uai.cl
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I Different version of LandS (Linderoth et al, 2006)

cr: $10/un < ' ’ 9
24

4

45

ﬂ d~[0,0.04,..,3.96]
c2: $7 /un ‘ ' ’ 27
4.5

ﬂ A total of 1'000'000 scenarios
dy~[0,0.04,..,3.96]
32

cs: $16/un ‘ ' ’ 3219'2 * 3h Jeff Linderoth
' ds~[0,0.04,..,3.96] Y @leffLinderoth

55
33
cy $6/un< ' ’ = Sh*t. Foryears, | thought the exact value was

225.6294002. &

True Optimal solution:

Blfdget b : $12O X*=(O-84; 340; 188; 588) c’ Eduardo Moreno @borelian-04-03-22
Min. Capac m : 12 Objective Value: 225.6294001 LandS (@JeffLinderoth et al, 2006) has been a

classical benchmark instance on Stochastic
Programming. We now know its *exact® optimal

. . . . . value: 225.6294001. Take a look at github.com/
ReqUWEd 3 iterations (reflnements) Of the algorlthm borelian/LandS... for a simple and instructive Jup...

Finished with a partition of size 1374
Solution validated using an exact solver (QSopt_ex, Espinoza et al, 2007)
Jupyter notebook available at https://github.com/borelian/LandS exact solution

E. Moreno, https://emoreno.uai.cl
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I Problem #1: Capacity Planning Problem

e Dataset: Electricity Planning instance (small) from

https://people.orie.cornell.edu /huseyin /research/sp datasets/sp datasets.html

e 20 source nodes, 50 demand nodes, 10 resources

e 1,000, 10,000, 100,000 and 1,000,000 scenarios sampled
from a discrete distribution for each demand node

e Implemented in Python using Gurobi as Solver

e Source codes available at
https://github.com/borelian/AdaptiveBenders

E. Moreno, https://emoreno.uai.cl
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I Problem #1: Capacity Planning Problem
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Gap of incumbent solution vs optimal solution over time

Gap (%)

le-1 -

le-3-

le-5 -

le-1 -

le-3-

le-5 -

# scenarios: 1000

10000

Time (mins)

................ ..‘
2 IS
5 02 04 0.6 4 °
100000 1000000
°
:‘ ) -.. ............................ .“
0 100 200 300 400 0 200 400 600
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I Problem #1: Capacity Planning Problem

# cuts over time Partition size over time

1000 10000 1000 10000
_——o
le5 - 0.6 1
0.4+
le3 -
T L[ e@ UL g o i®
O | [ e @it { ] 02-
;g lel - I
© g
& » 01
O 0 0.2 0.4 0.6 0.8 0 2 4 6 S 0 0.05 0.10 0.15 0 0.5 1 1.5
kS 100000 1000000 = 100000 1000000
g g
c le5- 0.6 -
>
=
le3. 0.4+
e [ AN A PSP LT ELLL UL @
@t
: 0.2 -+
lel -
T T T T T T T T T O- ‘_‘/‘_/' ._.'__._—_4
0 100 200 300 400 0 200 400 600 0 5 10 0 50 100 150
Time (mins) Time (mins)
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I Geometrical interpretation: Newsvendor

o We decide to buy a quantity x; of each items i. (1st stage)

o If the demand is greater than x;, we pay an opportunity

cost of p; per unit.

o If the demand is less than x;, we pay a holding cost of A,

per unit.

min Z cx;+ Elp (& —x)T + h; (o, — &)

l

E. Moreno, https://emoreno.uai.cl
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I Geometrical interpretation: Newsvendor

o We decide to buy a quantity x; of each items i. (1st stage)

o If the demand is greater than x;, we pay an opportunity

cost of p; per unit.

o If the demand is less than x;, we pay a holding cost of A,

per unit.

min Z cx;+ Elp (& —x)T + h; (o, — &)

l

O(x,&) = min ) pyt + by,




I Example: Newsvendor

e 2 items, p=1, h=0.4.

o Demand: & w Exp <%>, &, w Exp (%)

Qx, ) E[Q(X,4)]

O(x. ) for x = (2.2)

E. Moreno, https://emoreno.uai.cl
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I Example: Newsvendor

“Single” Bender cut
(& = xDA + (& —xly < O° V¢

. =
, {LO £ >0

E. Moreno, https://emoreno.uai.cl
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I Example: Newsvendor

“Single” Bender cut
(& = xDA + (& —xly < O° V¢

integrating over the distribution:

ol

0.103 - (23.3 = 3.1x1) + 0.134 - (34.1 —4.0x2) < ®

o —04 E<?2
1. = { g

1.0 &>2

E. Moreno, https://emoreno.uai.cl
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I Example: Newsvendor

“Single” Bender cut
(& = xDA + (& —xly < O° V¢

integrating over the distribution:

"

0.103 - (23.3 = 3.1x1) + 0.134 - (34.1 —4.0x2) < ®

o —04 E<?2
1. = { g

1.0 &>2

E. Moreno, https://emoreno.uai.cl
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Adaptive Bender cut

1al VICNKNZ VWV Y VY YV VYV
2WVVINKN VYV V/ VY
oL AR 0 |

110326166 § . 0.344154

....................................

.....................................
1 1

10.160417 0.169263

1

0 2 4 6 8 10 12

1.0 &>2

S,
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Adaptive Bender cut

vvvvvvvvvvvvvvvvvvvvvvvvv

Y 2 =tV VA VA Vit Vi Vi Vi Vil i il il ViVt min cx + 0.16 6; +0.17 6> + 0.33 05 + 0.34 0,

12? ,,,,,,,,,,,,,,, _04(089 — le) — 04(093 — ZUQ) S 91

,,,,,,,,,,,,,,,,,
» ,9.‘:: ,,,,,,,,,,, yAAAA]

10? N ) 5 040 3 <9
W3NS W] 1 . 9 i) 2
i NKN VvV VY il

of I::;i ,,,,,,,,,,,,,,, 7—0.4(0.89—:131)—5132§6’3

VR RN A A A NN NN
r 0.326166 KNS V7 V7 03444547/ /. VW 1
6+ vd) .
, NVl vV VvV Vvl VdVaVaVaV4 A 12 — T1 — To < (94
V). NV VdVdVdVaVaVdVdvdVdVdVdVdV4
| R R R R R R R %
s i 0,
0 1 10.160417 0.169263
xxxxxxxxxxxxxxxxxxx
0 2 4 6 8 10 12
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Y ]
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T
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vvvvvvvvvvvvvvvvvvvvvvvvv

1l AT AL AN NN
FryY « « s » ¢ s s e e e e e e e e e e .
KL ANKNS VLV

2y V7V /NKN V VvV VYV
v NKN VYV VY
L NNV VW vV )

o g0 0
KY3AKNS VYV YV VY /7
KEOSKN VYV VY VW

stk v _ ”SNKN VYV VYV
I ,..'II. Wy N NN
- 10.326166 K\ " | 0844154" L L S S S

6| V)

I SNSKN VYV VY
KKK KNKN VvV VvV V VvV v V VvV V YV VvV VvV VvV V L
4K ¥ KL NNN VOV YV Vv v VY Y YV YV Y Y Y Y L
L WNKN V V Vv Vv VY
DD INDDD DDA D DD DA D
Ml ookt % 2
09 ° 92
0.160417 0.169263

0
1111111111111111111
0 2 4 6 8 10 12

min cx + 0.16 61 + 0.17 65 4+ 0.33 03 + 0.34 0,4
—0.4(0.89 — 21) — 0.4(0.93 — 25) < 6,
5—x1 — 0.4(0.93 — x2) < 65
7—0.4(0.89 —x1) — x5 < 03
12— 21 — 29 < 0Oy
equivalent to

mincx 4+ 0.103 - (23.3 = 3.1 x;) + 0.134 - (34.1 — 4.0 x,)
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Adaptive Bender cut

vvvvvvvvvvvvvvvvvvvvvvvvv

”f :::éf: NN AN | min cx + 0.16 61 + 0.17 05 + 0.33 63 + 0.34 04
2r | N —0.4(0.89—331)—0.4(0.93—562) §(91
i 932:552 NN AN B *: 5—x1—0.4(0.93—:62)§(92

o[} ::;; ............... 7—0.4(0.89—:1:‘1)—5132§6’3

I AR A A A A A AAAAAAAA
I K0.326166 KNS V7 (0.3444547 V. VL L VL

WAVl Vd'dVdVdVdVdVdVdVdVdVd 12— 21 — 29 < b4

.................

4 ............... eqUIVaIent to

................

....................................
.....................................

\iapy vz 6, | mincx+0.103-(23.3=3.1x,)+0.134 - (34.1 — 4.0 x,)
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| New point: x = (6,8)

"Single” Bender cut -04 £ <6
=910 > 6

(& —xDA + (& —xDhy <O° V& ' i 2
Integrating, we obtain 2=V 10 £ > 8

0.027(18.7 + 7.8 x;) + 0.04(41.5 + 2.9 x,) < ©




| New point: x = (6,8)

"Single” Bender cut -04 £ <6
=910 > 6

(& —xDA + (& —xDhy <O° V& ' i 2
Integrating, we obtain 2=V 10 £ > 8

0.027(18.7 + 7.8 x;) + 0.04(41.5 + 2.9 x,) < ©

0.103 (23.3 = 3.1 x) +0.134 (34.1 =40 x,) £ O
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| New point: x = (6,8)

"Single” Bender cut -04 £ <6
=910 > 6

(& —xDA + (& —xDhy <O° V& ' i 2
Integrating, we obtain 2=V 10 £ > 8

0.027(18.7 + 7.8 x;) + 0.04(41.5+29 x,) <O

0.103 (23.3 = 3.1 x;) + 0.134 (34.1 — 4.0 x,) < ©
0.027(18.7 + 7.8 x;) + 0.04(41.5+2.9 x,) < ©
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| New point: x = (6,8)

"Single” Bender cut -04 £ <6
=910 > 6

(& —xDA + (& —xDhy <O° V& ' i 2
Integrating, we obtain 2=V 10 £ > 8

0.027(18.7 + 7.8 x;) + 0.04(41.5 + 2.9 x,) < ©

0.103 (23.3—3.1 x) +0.134 (34.1 —4.0 x,) < © S
0.027(18.7 + 7.8 x;) + 0.04(41.5 + 2.9 x,) < ©
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T T T T T T T
14} i
° °
» 0.174573 0.0273237 1
12 i
10} i
8l ) 1
6L i
4L i
° °
, 0.690092 0.108012
o i
| | | | | | |
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Adaptive Bender cut

T T T T T T T
14 i
. ° Y Y
. 0.0982394 0.0763334 0.0273237 -
| 8 94,3 04,4
10} %2 4
8 | g .
sl .93,1 04,1 64,2 )
' o INAK ° 'Y 1
4110227927 | 0177102 0.0633942 .
N BERETE RRRRRRRR ]
' ° 91 ° 92,1 ° 92,2
o | |0-160417 0.124646 0.0446173
1 L L L 1 L L L 1 L L L 1 L L L 1 L L L 1 L L L 1
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I Adaptive Bender cut

14} —0.734+04 21 +0.4 5 < 64

12}0.0982394 0.0763334 0.0273237 —1.84+0.4 x1 + 0.4 To < 92’1
| j —212+0.4 21 + 0.4 x5 < 03,
? 12.64 404 21 — 29 <

NP 0,1 012 ] 64404 21 — 22 < 03
: ‘ —3.19 —+ 0.4 1 -+ 0.4 i) S (94,1

4} ommor A+ 0477102 0.0633942 723 —x1 +04 25 < (94 5

21: 0TI TOTETO 1157—|—O4 5131—$2§(94,3
! 091 ° 92,1 ° 92,2 :

o| 10160417 0.124646 0.0446173 ] 22 — L1 — X2 S 94,4
T D
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%ﬁ""* UNIVERSIDAD ADOLFO IBANEZ

vvvvvvvvvvvvvvvvvvvvvvvvv

14|
12|

10

° ° ° ]
0.0982394 0.0763334 0.0273237 E
94 3 04 4 |

03,2 2 ’ i
03,1 04,1 94,2 1
Y ° ° 1
0.227927 | 0177102 0.0633942 1
. K 5 % # -t ...... ;
° 91 ° 92,1 ° 92,2 1
0.160417 0.124646 0.0446173 1
1111111111111111111
0 2 4 10 12

—0.734+04 21 +0.4 x5 < b4
—1.8404 21 4+04 25 <6y,
8.63 —x14+0.4 25 <6055
—2.12404 21 +0.4 x5 <034
12.64+ 04 1 — 29 < O35
—3.19404 21 +0.4 x5 <044
723 —x14+ 04 25 <045
11.57T4+ 04 1 —x9 < b43
22 —x1 — 19 < O44

equivalent to

0.027(18.7 + 7.8 x;) + 0.04(41.5+2.9 x,) < ©
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Adaptive Bender cut
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vvvvvvvvvvvvvvvvvvvvvvvvv

14|
12|

10

° ° ° ]
0.0982394 0.0763334 0.0273237 -
94 3 94 4 ]

03,2 ’ ’ )
03,1 04,1 64,2 1

° ° ° 1
0.227927 | 0.177102 0.0633942 1
° 91 ° 92,1 ° 92,2 1
0.160417 0.124646 0.0446173 1
1111111111111111111
0 2 4 10 12

But due to refinement

—0.734+04 21 +0.4 5 < 64
—1.8404 214+ 0.4 x5 <654
8.63 —x1 4+ 0.4 29 < 055
—2.1240.4 2, + 0.4 25 < 03,
1264+ 04 1 — 29 < 035
—3.194+04 21 +0.4 25 <044
723 —x1+ 0.4 250 <045
11574+ 0.4 21 — x5 < 043
22 —x1 — X9 < 044
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Adaptive Bender cut
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But due to refinement

vvvvvvvvvvvvvvvvvvvvvvvvv
14
. ° Y Y
. 0.0982394 0.0763334 0.0273237
| 8 94,3 94,4
3.2
10} )
8 | EREE
sl 93,1 ; 94,1 94,2
' Y ° 'Y
410227927 | * 0177102 0.0633942
N EERERS
' ° 91 ° 92,1 ° 92,2
o | |0-160417 0.124646 0.0446173
1111111111111111111
0 2 4 10 12

—04(089 — :131) — 04(093 — xg) S 91
o — L1 — 04(093 — 332) S 92
7 — 04(089 — 2131) — I9 S (93

12—5171—5132§94

—0.734+04 21 +0.4 5 < 64

—1.8 + 0.4 Tr1 + 0.4 i) < (92 1
8.63 — 1 —|—04 9 < (92 9

—2.12+0.4 T1 + 0.4 i) < (93’1

12.64 + 0.4 1 — X2 < (93 2

—3.19 -+ 0.4 r1 + 0.4 i) < (94 1

7.23 — T + 0.4 Lo < (942
11574+ 0.4 21 — x5 < 043
22 —x1 — 190 < B4 4

(Previous step cuts)
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vvvvvvvvvvvvvvvvvvvvvvvvv

14|
12|

10

Ll e ° ° ]
- 10.0982394 0.0763334 0.0273237 1
94 3 94 4 ]

03,2 s s ]
03,1. 94,1 94,2 1

| e ° ° 1
~10.227927 | 0177102 0.0633942 1
e 91 ° 92,1 ° 92,2 1
" 10.160417 0.124646 0.0446173 1

1111111111111111111
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But due to refinement

—0.73+04 21 +0.4 x5 < 6,
—1.8404 21 +04 x5 <6094
8.63 —x1+0.4 x5 <095
—2.12 4+ 0.4 21 + 0.4 25 < 034
1264+ 04 1 — 29 < 035
—3.194+04 21 +0.4 25 <044
723 — 21 +04 25 <045
11574+ 0.4 21 — x5 < 043
22 —x1 — X9 < 044

—0.4(0.89 — z1) — 0.4(0.93 — ) < 6,

5 — a1 — 0.4(0.93 — z5) < 0.74 651 + 0.26 05 5

7—0.4(0.89 — x1) — 22 < 0.70 631 + 0.30 03 -

12 — 21 — 25 < 0.52 041 +0.18 45 + 0.22 04 5 + 0.08 64 4
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I Adaptive Bender cut

100

Single cut Bender Adaptive cut Bender
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I Conclusions

o Adaptive Benders combines the strengths of Benders multi and
single cut:

e a small problem on early iterations (like single-cut Benders)
which is quicker to solve and requires fewer feasibility cuts.

e a disaggregated problem on last iterations (like multi-cut
Benders) to prove the optimality when required

e Can be used to solve problems with continuous distributions
approximating them by discrete scenarios

e Still a Benders problem, so all common “tricks” applies E 1&@
More details: Ramirez-Pico, C., Ljubié¢, I. and Moreno, E., e -_q
Benders Adaptive-Cuts Method for Two-Stage Stochastic Programs.

Transportation Science 57(5) 115-1401, 2023.
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I Problem #2: Stochastic multicommodity flow
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e First stage: arc capacities
e Second-stage: flow to satisfy demand

ij€E kcK
d; if 1 = O(k)
—d;  ifi= D(k)
0 otherwise
< uz-j:%ij 1] € b

E. Moreno, https://emoreno.uai.cl
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I Problem #2: Stochastic multicommodity flow

e Dual subproblem

Q(z,8°) = IMa.x Z di( O(k) k )‘D(k) k) — Z (uijfﬁij)ﬂfj
AsERIVIIK] s R/ F]
) + kekK 11ER
Z'-Sk— ;k—,ufjgcijk 11 e B, kEekK

e Benders cuts

Multi-cut: >4 ( Ok — AD(h), k) D wiifisi <65 sES
kekK ijEE
Single-cut: Y p° st (“O(k) = Ao s ) N ugpgmg | <Y o
seS kEK 1JEL 1 seS

Adaptive—cut: p Z dP (Ao(k) kT D(k;) k) Z UZJ/LZ]%J < Zpses PePp

kekK 1yel seP

E. Moreno, https://emoreno.uai.cl
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I Problem #2: Stochastic multicommodity flow
e Subproblem Q&) _m_mz;;{cwkywk

(3 if 1 = O(k)
Z Vi — Z Yo =< —d  if i = D(k) icVkeK ()

WRXISED JiJier 0 otherwise
. R )
Z Yijk < WijTij 1y €k (1)
keK

e Required conditions for the partition

(S 5a) - (S 2 (owrn ) )| = 3 [ 5+t (o~ o)
€ s& s& - .

kelC LseP

Rule: Refine P with scenarios having same vector of duals

( SO(k),k_ %(k)’k)kelC

E. Moreno, https://emoreno.uai.cl
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I Problem #2: Stochastic multicommodity flow

e Dataset: From Rahmaniani et al (2018)

Based on classic R instances (r04,r05,r06)

5 configurations of costs and capacities
(11,13,15,17,19)

5 different correlations (0% 20% 40% 60% 80%)

100, 1,000, 5,000, 10,000, 20,000 and 50.000
scenarios

Implemented in Python using Gurobi as Solver

e Source codes available at
https://github.com /borelian /AdaptiveBenders
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I Problem #2: Stochastic multicommodity flow

Instances solved over time

100 1000 5000
1- ( I I Y N S pu— —
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0.754 | »~ 1 i
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I Problem #2: Stochastic multicommodity flow

Gap (%)

Gap over time
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I Problem #2: Stochastic multicommodity flow

ADAPTIVE MurrI SINGLE
Inst |S| | #Ref #In  Time Iter FC OC | #In Time Iter FC OC | #In Time Iter FC OC
16 26 25 17.1  743.6 695 617 | 25 12.8 (0.74) 83.9 710 484 | 25 35.5 (2.00) 462.7 933 257
100 3.2 25 284 7153 872 1648 | 25 33.2 (1.15) 50.0 2283 1712 | 25 1144 (3.85) 428.8 2608 235
RO4 1000 3.3 25 153.3 7522 2245 9997 | 25 264.7 (1.70) 38.8 16689 14410| 25 911.1 (5.66) 385.8 16752 225
5000 34 25 748.6 7714 6384 41529 | 25 1540.9 (2.00) 35.6 74709 68595| 25 4959.8 (6.20) 395.6 75877 222
10000 3.5 25 1797.2 737.3 10309 79371 | 25 3849.2 (2.04) 34.2 140723 136964 | 25 8955.3 (4.62) 354.2 138664 205
20000 3.6 25 4538.1 763.2 17703 149836 | 25 11490.8 (2.39) 35.2 295254 265130 | 25 19041.4 (3.98) 353.4 290202 206
50000 3.8 25 18593.0 755.6 35164 333360 | 22 45655 (2.21) 30.1 634899 611159 | 24 49600.9 (2.50) 335.4 652731 203
16 23 25 66.6 1850.8 1608 1067 | 25 37.1 (0.59) 145.7 1172 800 | 25 201.2 (2.59) 1318.3 2188 489
100 3.0 25 102.4 1722.9 1754 2492 | 25 89.5 (0.95) 85.8 3292 2534 | 25 881.2 (5.01) 1476.4 5079 462
RO5 1000 3.0 25 407.7 1636.2 3113 13017 | 25 623.0 (1.43) 54.9 22406 19391 | 25 6212.7 (7.85) 1168.3 25441 392
5000 3.0 25 2319.0 1680.7 7859 57436| 25 43749 (1.63) 54.0 102603 94304 | 24 25334.5 (6.44) 908.4 102228 318
10000 3.1 25 5583.0 1531.2 11908 106931 | 25 11375.8 (1.79) 50.8 196130 188977 | 20 33894.0 (4.50) 563.4 192746 252
20000 3.1 25 16563.1 1537.8 20488 208087 | 25 34261.1 (1.80) 49.4 364854 375155 | 11 17073.4 (2.52) 126.8 256809 65
50000 2.3 10 12351.0 376.2 27211 223703 10 14711 (1.18) 23.7 538463 284365 | 10 28116.5 (2.19) 73.4 525782 33
16 23 25 288.3 4327.5 3809 1752 | 25 124.1 (0.48) 234.1 2258 1261 | 25 11054 (2.70) 2730.4 4825 1083
100 3.0 25 357.3 3882.0 3631 3842 | 25 240.9 (0.78) 115.2 4647 4210 | 25 3878.1 (6.38) 2441.2 7136 702
RO6 1000 3.1 25 13854 3912.1 5344 22135| 25 1610.1 (1.25) 73.2 29781 30440 | 24 23759.1 (9.34) 1613.3 30935 571
5000 3.2 25 79229 3745.3 10027 95988 | 25 11396.0 (1.57) 71.1 127143 145203 | 10 13607.8 (3.16) 286.3 85420 89
10000 3.3 25 19306.2 3956.2 15448 175679 | 25 27714.5 (1.53) 63.8 212647 279003 | 10 24954.2 (2.76) 266.1 151486 95
20000 2.9 19 40475.0 2980.1 21944 292090 | 10 32340.8 (1.54) 41.6 322966 290521 8 36365.0 (2.69) 184.6 293469 69
50000 1.5 5 6357.0 131.6 5566 37159 5 15964 (2.52) 23.4 635192 163153 5 22115.6 (3.53) 42.4 572869 14

Adaptive Benders

e More iterations (but “lighter”)
o Fewer feasibility cuts
e Fewer optimality cuts than multi-cut Benders

e It requires to solve all subproblems, but only #Ref times (between 2 to 4)
e Note: Final partition size is almost all scenarios (98% median)

E. Moreno, https://emoreno.uai.cl



